A good state-time quantized symbolic abstraction of an already input quantized control system would satisfy three conditions: proximity, soundness and completeness. But instability of systems, whose inputs are bounded and quantized, is an impediment to constructing fully complete state-time quantized symbolic models, even using supervisory feedback. In this paper, we come up with a way of parametrization of completeness of the symbolic model through the quintessential notion of "Trimmed-Input Approximate Bisimulation" which is introduced in the paper. The amount of completeness is reflected by a parameter called "trimming" of the set of input trajectories. We subsequently discuss a procedure of constructing state-time quantized symbolic models which are near-complete in addition to being sound and proximate with respect to the time quantized models.
Introduction
Finite symbolic abstractions of control systems are used in algorithmic controller synthesis [8, 9, 10] . Since digital implementations of continuous control systems [5] have quantized and bounded input space, we consider the setting of bounded and quantized-input control systems. For such systems, a state-time quantized abstraction restricted to a compact region gives a finite abstraction, because the set of input trajectories is already finite (quantized and bounded) [12] . The problem of constructing approximately similar statetime quantized symbolic abstraction of possibly unstable quantized-input control systems under stabilizability assumptions has been solved previously [12] . On the other hand, the problem of constructing approximately bisimilar symbolic abstractions of bounded input unstable systems has not been tackled yet. The difference between an approximately bisimilar and an approximately similar abstraction is in the completeness of the abstractions, as explained in the following. An ideal statetime quantized symbolic abstraction of a control sys-tem would be exactly bisimilar to the time-quantized system model, but such exactly bisimilar abstraction is almost impossible to realize because of symbolic approximations resulting from quantization of state space. In contrast, an approximate bisimulation relationship 1 between a time quantized system model and a state-time quantized symbolic model parametrizes symbolic approximations and can be equivalently factored into the conjunction of the following three conditions, which we call parametrized deviation or proximity, soundness and completeness respectively.
Parametrized deviation:
There is a parameter specifying an upper bound on the deviation between the states of the system model and related states of the symbolic model. We will call this parameter as proximity. The extant methodology of approximately similar symbolic abstraction (discussed in [10, 12, 13, 14] ) establishes soundness between symbolic model and system model while also specifying the proximity parameter, which is the precision bound of the approximate simulation relation. However, a stronger method of abstraction, discussed in [10] , can construct an approximately bisimilar (not just similar) finite symbolic model 1 Approximate simulation and bisimulation are defined in Girard and Pappas [7] . to a time-quantized system model of a globally asymptotically stable system, in which case the abstraction is complete in addition to being sound and proximate. Although proximity has been parametrized through the notion of approximate simulation, no attempt has been made until now to parametrize completeness. Parametrization of completeness would be useful as a qualitative estimate while abstracting bounded input unstable systems that, in many cases, can not have fully complete (plus sound) state-time quantized symbolic models. This is because global asymptotic stability seems essential for constructing approximately bisimilar [10] or equivalently complete, sound and proximate models. But unstable systems can only admit approximately similar symbolic models but not approximately bisimilar symbolic models, and in the former case the symbolic model is not complete, although proximity and soundness are entailed.
Soundness
Our paper is concerned about parametrization of completeness and finding a way of near-complete, sound, and proximate state-time quantized abstraction of bounded and quantized input possibly unstable but locally asymptotically stabilizable linear control systems. We formalize near completeness, soundness and proximity by the notion of trimmed input approximate bisimulation, which is introduced in our paper. We employ supervisory feedback in the process of abstraction. Note that when the input space is bounded, then locally stabilizable divergent linear systems are still not globally asymptotically stabilizable (refer to [1] ). Therefore we make the distinction between local asymptotic stabilizability and global asymptotic stabilizability of bounded input linear systems.
Analog approximation of quantized control systems
The motivation for our paper is similar to [12] in attempting to build state-time quantized abstractions of input-quantized control systems under stabilizability assumptions, but in the scope of quantized input linear control systems. In this context, we note the following points about quantized approximation of inputs. A quantized input set is generally an approximation obtained by rejecting noise of the range of a set of analog input trajectories [2, 11] . But if we were to include the noise in inputs, then the range of input trajectories without quantization is crudely an open subset of an euclidean space. Therefore in this paper, instead of directly quantizing state space and time of the input-quantized control system, we alternatively obtain a state-time quantized symbolic abstraction of the analog (or open input set) approximation of the control sys-tem, and subsequently restrict the open input set to the actual quantized input set after the state-time quantization. The reason for doing this is because an open set, which is dense, admits the notion of trimming introduced in our paper, which otherwise can not be defined on discrete sets (this will be explained later in the paper). The supervisory feedback employed in finite abstraction can also be quantized (see [3, 4, 6] about feedback quantization). Also, a relevant example is worked out in Section 9. 
Notation
We denote R as the set of real numbers, Z as the set of integers and N as the set of natural numbers. If X is a set, then X n = X × 1 X × 2 ...× n X. If x ∈ X n , then for any i ∈ N, x i is the i th component of x. If R n is the n-dimensional euclidean space, then for a state quantization parameter η > 0, we write [R n ] η = {x : ∃k ∈ Z n .x = η(k 1 , k 2 , ..., k n )}. We use the L ∞ norm everywhere in the paper denoted by ||.||. If X is a normed vector space and I being a connected interval of real line, u : I → X and v : I → X are two functions on the same domain I, then the distance norm between them is ||u − v|| = sup t∈I ||v(t) − u(t)||. If x ∈ R n , then we say that x is a point in the state space of the linear system Σ as above. An absolutely continuous function x : [0, τ] → R n is said to be a trajectory of the linear system if there exists u ∈ U ∩ U [0,τ] such that at almost all t ∈ [0, τ],ẋ(t) = dx dt (t) = Ax(t) + Bu(t). Given the initial condition x(0) = x and an input trajectory u ∈ U ∩ U [0,τ] , the state trajectory (which is continuous) x driven by u is uniquely determined. Then we write x(x,t, u) as the point in state space reached at time instant t by the trajectory x driven by u.
Linear control systems and trimming of input trajectory set
Local asymptotic stabilizability: A linear control system is locally asymptotically stabilizable if there exits an open neighborhood Ngh around zero in state space such that for all x ∈ Ngh, there exists a linear stabilizing supervisory input C m×n x for some real matrix C n×m . Recall that local asymptotic stabilizability of linear systems Σ == A n×n , B n×m ,U, U is equivalent to existence of a matrix C n×m such that (A + BC) has all eigenvalues with negative real part.
Trimming of open sets and corresponding trajectory space
If S is any normed vector space, then for any s ∈ S, 
Trimmed input approximate bisimulation
We define a metric transition system (MTS) as follows. Related to control systems, the set V in an OIMTS consists of any open set of input trajectories.
Approximate bisimulation without trimming
In this paper, we define one version of εapproximate simulation as according to Tabuada [12] , which is useful when supervisory feedback is used in symbolic abstraction. A different and more common version of approximate simulation is defined in [7] but the definition in [7] is not suitable when supervisory feedback is introduced in symbolic abstraction, as is explained in the report [1] .
The author of [12] actually defines a stronger ε − δ approximate simulation, having a δ -reflexivity condition. But we restrict to the general ε-approximate simulation leaving δ -reflexivity. Let T = X,V, → 1 ,Y, H and T = X ,V , → 2 ,Y, H be two OIMTS. For any ρ, ε > 0, we say that a relation R ⊂ X × X is a ρ-trimmed ε-approximate simulation of the OIMTS T by T iff the relation R is an ε-approximate simulation of T −ρ by T , where T −ρ is the ρ-trimmed OIMTS obtained from T .
Definition 5.2.3 (Trimmed-input approximate bisimulation)
Consequently, R is a ρ-trimmed ε-approximate bisimulation between T and T iff R ε-approximately simulates T −ρ by T and R −1 ε-approximately simulates T −ρ by T .
Interpretation of trimmed input approximate bisimulation
We define near completeness as follows.
Definition 6.0.4 For any γ > 0, we say that an OIMTS T is γ-near complete with respect to an OIMTS T iff there exist α, β > 0 and an OIMTS T such that all the following hold
Let T and T be two OIMTS such that they are ρtrimmed input ε-approximately bisimilar. Then we make the following interpretations about the ρ trimmed transition system T −ρ .
• ε-Proximity: The distance between two related states of T and T −ρ is less than ε since T and T are ρ-trimmed input ε-approximately bisimilar.
• Soundness: T −ρ is ε-approximately simulated by T since T and T are ρ-trimmed input εapproximately bisimilar. This means that T −ρ is sound with respect to T .
Disambiguation. It is to be noted that T may not be sound with respect to T . Instead we demonstrated that T −ρ is sound with respect to T . The above Theorem 7.0.6 is stated as a Corollary of a more fundamental result obtained in the report [1] , regarding enabling of input trajectories of a bounded input stabilizable linear system. The reader should refer to the report [1] for the background result and proof of the above. 
The final symbolic model
Let a quantized linear control system be Σ = A n×n , B n×m , U, U where U is a finite subset of an open set and bounded set U and U is a finite set containing piecewise constant input trajectories with codomain U. Consider that its analog approximation is Σ = A n×n , B n×m ,U, t∈R + U [0,t] which is locally asymptotically stabilizable with open and bounded input space U and a stabilization matrix C.
Then for any desired precision ε > 0, we can choose any state-quantization parameter η : 0 < η < ε and a time quantization τ > 0 such that ||ε exp((A + BC)τ)|| < η/2. Then we have that T τ (Σ) is ||C||εtrimmed ε-approximately bisimilar to T τ,η (Σ) by Result 7.0.7.
With τ, η chosen as above for a given ε, the ||C||εtrimmed τ, η state-time quantized OIMTS T τ,η −||C||ε (Σ), restricted to the quantized input space, is the final symbolic model that is employed in controller synthesis. The restriction of input set to quantized input is defined as follows.
Restricting the trimmed open input symbolic model to the quantized input set of actual control system: The open and ||C||ε-trimmed input η,tau state-time quantized transition system T τ,η −||C||ε
Then the final symbolic model restricted to the actual input-quantized control system Σ which may be used in controller synthesis will be the transition system
Soundness, proximity and near-completeness: Recall the interpretation of near completeness in Section 6. The final symbolic model T τ,η −||C||ε (Σ) is sound, ε-proximate and 2||C||ε-near complete with respect to T τ (Σ) since T τ,η (Σ) is ||C||ε-trimmed ε approximately bisimilar to T τ (Σ). Note that the symbolic model taken for controller synthesis is T τ,η −||C||ε (Σ) but not T τ,η (Σ) because the latter may not be sound with respect to T τ (Σ).
Example
We take a quantized input lin A has both eigenvalues equal to +1 and so Σ is unstable. But the system has a stabilization matrix C =
has both eigenvalues equal to −1, which is negative. We are given a desired precision ε = 0.12. We have to determine the state-time quantization parameters η, τ and the trimming parameter ρ. We may take η to be anything less than ε = 0.12. Let η = 0.1. Then the required amount of trimming is ρ = ||C||ε = 4 × 0.14 = 0.48 from Result 7.0.7. In fact, ρ could be anything greater than or equal to 0.48 but should be at least 0.48. Note that the derivation of ρ is independent of τ which we have not yet determined. We take τ = 1 and demonstrate that this particular choice of τ is valid. For this we have to prove that ε|| exp((A + BC)τ)|| < η/2. 
This symbolic model is sound and 0.12-proximate as proved in Section 6. Also, T 1,0.1 −0.48 (Σ) is 2 × 0.48 = 0.96near complete with respect to T 1 (Σ) in the sense that T 1 0.96 (Σ) is approximately simulated by T 1,0.1 −0.48 (Σ) as proved in Section 6.
Finally, a finite symbolic model can be obtained for any compact region of state space and the actual quantized input trajectory set U by restricting T 1,0.1 −0.48 (Σ) to the compact region and U . The restriction to U is defined in Section 8. Since similar constructions have been discussed in [9, 10] , we do not construct the actual model in our paper for this example. An illustration of the relationship between the input at a representative point in the quantized state spac and the corresponding supervisory feedback at a point in the original state space which is symbolically related to the representative point, is worked out in the report [1] . We shall also obtain a quantized supervisory feedback which lies within U , corresponding to the analog supervisory feedback. Figure 1 depicts the relationship.
Conclusion
While allowing supervisory feedback to relate inputs between two transition systems, we have found a formal way of parametrization of completeness of a state-time quantized symbolic model with respect to the time quantized system model. We demonstrated how sound state-time quantized symbolic models of possibly unstable but stabilizable, bounded input and already input-quantized linear systems can be built with arbitrarily small proximity and trimming (near-completeness), with respect to the time-quantized model. In future, we would like to extend this work to construct sound, near-complete, and proximate symbolic models for non-linear systems.
